
Math 565: Functional Analysis
Lecture 7

Complex vs. real line functionals
,
ht X be a rector space over K.

(a) Ift is a complex linear functional on Xther Imf(x) = - Reflix) 10 f(x) = Ref(x)-iReflix)
.

(b) Conversely ,

ifa is a real linear functional on X
,
then f(x) : = u(x) - in(ix) is a complex

linear functional on X.

X is wormed
,
then Kull : 11 Refl = 1/fll

.
If
,
moreover,

Proof . (a) Iff is a complex lin ,
functional

,
then both Ref and Fast are real linear functionals,

and Inf(x) = - Reflix).
6) Ifa is a real lin. functional on X Ren f(x) := n(x)-inlix)

,

then is linear over
I by definition

,
and also flix) = u(ix) -in+x) = u(ix) + in(x) = i(u(x) - in(ix)

= if(x)
,
10 f is also complex linear .

Finally , suppose X is a wormed rector space . Since (Ref(x)) -> /fix) < If//IxII,
so IIRef11IfIl . On the other hand

,
if f(x) + P

,
then taking G := synf(x) , we get

QED| f(x)) = x . f(x) = f(xx) = (Re(dx)) = 11ReflldxIl = llRefll(IxI)
,
so llfll : llRefIl .

Dual of1?

Theorem . Up (X , B , M) be afinite measure space and Kp > & .
Then(1(m)

where y is the conj . exp .
of
p . More precisely , the map (N(M) -> L"(M)+ by git Ig

is an isometric isomorphism.

Proof
.

We have already shown that gieEg is an isometig , so it remains to show

surjectivity. Fix a bod linear functional It (Pl*

Case M >4 .

Then all simple functions are in 19m) so for
any mumeasurable set BEX,

we can set p(B) : = FAB) . We show that p is a complex measure . Indeed,



p (a)
= P(q) = I(d) = 0 and if B = LBu the=Be Az ,

so

11 #B-Aballp = llBullp -> 0 by ACT since #B(((m) an McN and par
lotherwise IIIBalla = 1) . Since I is continuous

,
we get IIEN*Bu) - ICA)

a N + C ,
and by linearity , we havePlBn) -> P1B) as N-

,

so [P(Bal converges to P(B) . Since regulless of rearrangement , the series converse
nEIN

to the came P(B) , by the Reimann rearrangementMorm, P(Ba) nearer

gas absolutely ,
i
. e . [19(Bull <4. Hence p is a complex measure . Observe
neI

if M(B) = 0 Ken IB = On . e . so P(B) = I/1B) = [10 =0.that pcaM since

Let g := d9/dl , so for each indicator function #B,
I (13) = p(B) = (99m = )Apgdm ,

functions instead of 1p , by linearity.here this is time for all simple
This : for all simple functions : X+,

1/sydgl = /I (s)) = IIIII . Ilsllp .

B the expression of groom via integrating against simple functs in L, we get
-

is a bold linear functional on 1 and so is I,IlgIq = /Ill > & .

Thus
, ty

and they coincide on simple functions. But the set of simple functions is dense

in IP and Eg and I are continuous
,
so they must coincide on all of L

,
i
.
0. EFg.

Lastly note that such a g
is unique , for example , bene if there were another

g (1 with Ig =j , hen Ign = Ig-Ig = 0
,
so llg-glg0 since the

map g-g Egg
is an isometry

Case o-finite . Let X = NXn where M(Xn) < & ·
For each weIN there is a unique (nod

nEIN &

Naturally ,
(P(Xn) = ((Xnxl =... ((X)wall) gae ((Xa , Mixu) cit

. Elexul = Ign
by sending a function on Xu to a function defined as O outside of Xu
and sque on Xn .

Mus
.
R(X) = NLNu) and by uniquenes

, guy, In = Yu are
NEIN

so the pointwise limitlimgu-ig exists
.

NoteMat Igg o MIT

1lglly=lim gally alIK& so ge(X) · Finally , for each ff(
,
rehavea



Fy(f = (ydn /Axufydm= Axf - Gud =Fyflin
QED=Iff) by the continuity of I since Axaf->f again by DCT .

Remark
.

This theorem actually holds for all measures when PSI (ie. >d) by a

simple meame exhaustion argument will &-finite subsets of X
,
which works

because for every FELPIX
,u) , the set IfF03 is afinite.

Riest representation : the dual of Co(X).

As we san
,
if p = & ,

Ren identifying &IX
,
1
, M) with Gold B-measurable functions

on X
,
the proof of the

map E-124
*

only gives that each [14* defines a

finitely additive complex messwep since the continuity doesn't boost finite additivity to
ctbl additivity . Indeed

,
BIX
,
2)*betains all finitely additive complex recime,

including all ultrafilters on 1 .

We would like to shrink BIX
,
BL& by skrin-

king BIX
,
13) do a very small closed subspace VI B(X, B) such that

V* only constists of atbly additive complex measures
,
so a finitely additive measure

on (X
,
B) integrated against functions in V behaves the same way as a countably

additive measure. In other words
,
we need to boost finite additivity toctbl

additivity .
But we did this already when defining the Bernoulli measures on 2 and

the Labesque measure on IR9; see Lectures 3 and Y of Math 564
,
Fall 2025

.
Indeed

,
do

prove that a measure on an algebra lot cglinders and of boxes , espectively) we
! This is what reduces infinite coversdefined wasatbly additive , we used compactness

to finite
,
thus amplifying finite toctbl additivity.

So we let X be a topological space and consider the space
2
.
IX) of compactly

supported (i . e. supply) := <F-03 is compact) continuous functions on X
.

This is a nonclosed

subspace of BC(X) so we take its docume as V
.
To ensure the richness of C.W,

we need to assume that X is locally compact Hausdorff (lcH).


